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ABSTRACT
Toomre’s Q stability parameter has long been shown through various theoretical arguments
and numerical simulations, to be the principal determinant of stability against self-gravity in
a galactic disk, under classical gravity. Comparison with observations however, has not always
confirmed the condition of Q = Qcrit to be well correlated with various critical galactic radii.
In this paper we derive the analogous critical parameter, QM , under MONDian gravity. The
result is a modification by a factor of (σΩ)/a0, QM = (σΩ)
2/(a0GΣ), where a0 is the critical
acceleration scale of MOND. We then show through a direct comparison to a homogeneous
sample of observed disk galaxies with measured brightness profiles, rotation velocity curves and
internal velocity dispersion profiles, that the critical radii at which brightness profiles dip below
the exponential fit, are much more accurately predicted by QM than by the Q of classical gravity.
This provides a new and completely independent argument supporting the reality of a change in
the form of gravity on reaching the low acceleration regime.
Subject headings: gravitation — galaxies: general — galaxies: kinematics and dynamics — galaxies: star
formation
1. Introduction
Toomre’s Q parameter (Toomre 1964) neatly
encompasses a comparison of the disruptive to-
tal tidal forces and internal dynamical pressure,
against local self gravity, for a local element of a
galactic disk. It remains the most basic measure of
the stability of a galactic disk, a valuable diagnos-
tic in evaluating the propensity of a disk towards
spiral arm, bar or bulge formation e.g. Athanas-
soula (2003). Also, Q has often been related to
star formation processes in spiral galaxies. The
idea being that in very hot disk regions, above cer-
tain critical Q values, the self gravity of a gaseous
element is insufficient to overcome the combined
effects of internal pressure and tidal shears, and is
hence incapable of initiating collapse and under-
going star formation. The expectation then arises
for surface brightness profiles to show truncations
or kinks at the critical radii where Q crosses some
threshold value.
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In terms of an evolutionary view of a galactic
disk, all the parameters upon which Q depend, the
rotation curve, the surface density profile and the
internal velocity dispersion one, are expected to
change over the course of a disk galaxy’s growth
and lifetime e.g. Firmani et al. (1996). Thus,
the present day surface brightness profile, an inte-
gral over the galactic lifetime of the star formation
processes, will retain only a somewhat averaged
out version of the history of this critical radius
and its evolution e.g. Schaye (2004). However,
observational studies seeking to relate features in
the surface density profiles of disks to estimates of
Q, have often found only weak correlations with
critical Q values e.g. the subcritical large Q star-
forming disks of Martin & Kennicutt (2001).
In view of the above, we find it interesting to
develop the analogous stability parameter under
MONDian gravity, QM , and to perform a first
observational test of this new parameter. MON-
Dian gravity, where the force felt by a test particle
orbiting a mass M changes from the Newtonian
value to (a0GM)
1/2/R, was originally presented
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as a way of understanding the observed asymp-
totic flatness of galactic rotation curves in the ab-
sence of any dark matter, Milgrom (1983). Since,
modified gravity schemes that reduce to the above
MONDian behaviour, have been shown to be accu-
rately in accordance with a range of gravitational
astrophysical observations and scales; in Hernan-
dez et al. (2012) some of us showed solar neigh-
bourhood wide binary stars to have relative ve-
locities which deviate from Keplerian expectation,
precisely on crossing the a0 threshold, Haghi et
al. (2011), Scarpa et al. (2011) and Hernandez
et al. (2013a) showed that the same transition is
observed in Galactic globular clusters, which show
consistency also with a galactic Tully-Fisher rela-
tion, Kroupa (2012) has given an accurate descrip-
tion of the dynamics and orbits of dwarf galaxies,
and extending the well known description of Spi-
ral rotation curves under MOND (e.g. Sanders &
McGaugh 2002, Swaters et al. 2010), in Jimenez
et al. (2013) some of us presented a full descrip-
tion of the massive elliptical galaxy NGC 4649, all
of the above cases, without the substantial frac-
tions of dark matter which a classical description
requires.
In the above, the range of gravitational phe-
nomena studied under MONDian gravity has been
progressively extended from equilibrium rotation
velocities, to an ever growing range of aspects.
This provides increasingly more independent em-
pirical tests, e.g. the isothermal distributions of
MONDian gravity which accurately and naturally
reproduce the observed ρ ∝ r−3 density profiles of
tenuous stellar halos surrounding external galax-
ies, Hernandez et al. (2013b). In this paper we
continue along the same lines, by developing a
MONDian analogue to the standard first order
Toomre’s stability criterion for disk galaxies, and
preform a first test using the recent and homoge-
neous galactic structure atlas of Martinsson et al.
(2013a) and Martinsson et al. (2013b).
Global disk stability under MOND has been
treated by Milgrom (1989), however, within the
limits of tightly wound global, purely surface den-
sity perturbations, imposing an infinitely thin
disk. This last constraint, one of treating an es-
sentially 3D problem within a 2D approximation,
leads to the modified Toomre criterion of Milgrom
(1989) where only an order unity correction with
respect to the classic case appears through the di-
mensionless MOND transition function, and where
the critical acceleration of a0 does not appear.
Section (2) presents a first order local 3D
derivation of Toomre’s Q stability parameter un-
der MONDian gravity, QM . In section (3) we
use a sample of disk galaxies from Martinsson et
al. (2013a) and Martinsson et al. (2013b) with
measured surface density light profiles, rotation
velocities and internal disk dispersion velocities,
to test the relevance of QM in terms of predicting
critical radii at which the surface brightness pro-
file falls below the exponential fit. We see from
the data that indeed, QM offers a much better
description of the observed break radii than Q.
Our conclusions are presented in section(4).
2. Theoretical expectations
In the study of classical gravitational instabili-
ties in galactic disks, the Toomre stability criterion
is regarded as the most valuable diagnostic. This
is defined as:
QT =
σκ
αGΣ
, (1)
In the above, κ(R) is the epicyclic frequency of
the disc, related to the orbital frequency in the
disk, Ω(R), through κ2(R) = RdΩ2/dR + 4Ω2,
σ(R) represents the velocity dispersion of disk ma-
terial, Σ(R) the stellar surface density and α is
a numerical constant of order one which varies
slightly for the cases of non-collisional stellar com-
ponents, dissipative gaseous disks, mixed compo-
nents, the presence of magnetised gas, etc. Binney
& Tremaine (1987). The above stability criterion
arises from the dispersion relation for infinitely
thin disks (Toomre 1969), but has been shown
through extensive numerical simulations to be the
most relevant first order stability determinant for
realistic galactic disks, when assuming standard
gravity.
Under Newtonian gravity one can understand
the basic physics involved in Toomre’s stability
criterion by considering a parcel of disk material
of density ρ moving at the orbital frequency of the
disk at radius R, Ω(R). Such a parcel will be pre-
vented from collapsing onto itself due to its self
gravity by the overall tidal forces, if its density is
roughly below that of the total matter density in-
terior to R, ρ < ρ¯(R), i.e. it fails to satisfy a tidal
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density criterion. To within a numerical constant
of order one, Ω2(R) = Gρ¯(R), so we can write the
tidal stability criterion:
ρ <
Ω2
G
(2)
Taking Σ = ρh, with h the typical scale height
of the disk, yields
ht >
GΣ
Ω2
(3)
as the critical disk scale above which tides will
stabilise local self-gravity.
On the other hand, internal pressure will sta-
bilise the disk element against its self-gravity, be-
low a critical Jeans scale, hJ = σ/(Gρ)
1/2. Taking
again Σ = ρh gives:
hJ <
σ2
GΣ
(4)
as the critical disk scale below which internal pres-
sure will stabilise local self-gravity.
The disk will be locally stable against pertur-
bations of all scales below a critical Σ such that
hJ = ht, as below this critical Σ, hJ > ht, with
the equalling of the two critical scales above giving
the condition:
Q =
σΩ
GΣ
= 1 (5)
as the critical criterion. For Q > 1 the disk is
locally stable against perturbations of all scales.
In eq.(5) above, we see the numerator representing
dynamical pressure and tides through σ and Ω as
stabilising factors against the local self-gravity in
the denominator through GΣ.
We see that this last expression neatly captures
the essential physics behind QT = 1 of eq.(1) be-
ing the relevant disk stability criterion, specially
considering that this critical radius is expected to
occur within the flat rotation curve region of a
galactic disk, where κ = 21/2Ω. For a canonical
value of α = pi in eq.(1), the critical point would
appear as (0.45σΩ/GΣ) = 1 within the flat rota-
tion curve region. The above development is well
known (e.g. Binney & Tremaine 1987), but is re-
peated here to make the analogy with the devel-
opment under modified gravity which follows more
explicit.
In going to a MONDian modified gravity
regime, for accelerations below a critical value
of a0, the force felt by a test particle orbiting a
spherically symmetric mass distribution of total
mass M becomes FM = (a0GM)
1/2/R, and hence
rotation velocities become flat at a value con-
sistent with the observed Tully-Fisher relation,
Vf = (a0GM)
1/4. It is easy to see that the re-
sulting tidal criterion for a spherically symmetric
mass element now becomes ρ < (htM/R)ρ¯(R) e.g.
Hernandez & Jimenez (2012). Since the critical
point will occur at radii such that the integrated
mass of the galactic disc has essentially converged,
V 4f = a0Gρ¯(R)R
3. Using again Σ = ρh to elimi-
nate ρ in favour of the Σ of eq.(5), the critical scale
above which tides will stabilise local self-gravity
becomes:
htM >
(a0GΣ)
1/2
Ω2
(6)
The modified version of the Jeans scale, the
balance between internal dynamical pressure and
self-gravity is nowmJM = σ
4/Ga0, with parcels of
mass below mJM being stabilised by their internal
dynamical pressure, e.g. Mendoza et al. (2011).
Taking mJM = Σh
2
JM to replace mJM for the Σ
of eq.(5) leads to the condition:
hJM <
σ2
(a0GΣ)1/2
(7)
Scales below hJM will be stabilised by internal ve-
locity dispersion. Following the analogy with the
Newtonian derivation of eq.(5), we see that under
the modified regime, the disk will be locally stable
against perturbations of all scales below a critical
Σ such that hJM = htM , as below this critical Σ,
hJM > htM , with the equalling of the two critical
scales above giving the condition:
QM =
(σΩ)2
a0GΣ
= 1 (8)
as the critical criterion under modified gravity. For
QM > 1 the disk is locally stable against pertur-
bations of all scales. Introducing the character-
istic surface density of MOND, ΣM = a0/G, we
can write the critical surface density which yields
QM = 1 as:
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Σc = ΣM
(
σΩ
a0
)2
(9)
We see that the result of eq.(8) introduces a di-
mensionless factor of (σΩ/a0) to the classical ex-
pression of eq.(5) i.e., QM = (σΩ/a0)Q. This cor-
rection factor will be large when the internal disk
acceleration scale is much smaller than a0. Thus,
we see that a galactic disk which might appear as
“sub-critical” in terms of surface density because
its Q > 1, could quite easily have a low QM < 1
(σΩ/a0 < 1) and hence be naturally understood as
hosting the observed levels of star formation. For
values of Σ > ΣM , the classical Q would apply.
It is interesting that under classical gravity sta-
bility to both global tight winding patterns under
a 2D treatment, and a local bulk self-gravity vs.
dynamical pressure and tides balance give essen-
tially the same result of Q, while for MONDian
gravity, the former leads to the modified Q of Mil-
grom (1989) where only a dimensionless correction
factor given by the MOND transition function ap-
pears, and the latter to the QM of eq.(8). No-
tice also that stellar disk critical radii occur in the
flat rotation curve region, and at surface densities
well below the critical MOND value of a0/G (e,g,
Famaey & McGaugh 2012), making the preced-
ing development valid not only for a MONDian
gravity scheme where no external field effect is in-
cluded, but also under MOND as such.
We can reach a slightly more approximate, but
more easily testable prediction by taking the fol-
lowing empirically grounded models for Σ(R) and
σ(R):
Σ(R) = Σ0e
−(R/R⋆) (10)
σ(R) = σ0e
−(R/Rσ) (11)
Taking the common observational result of
Rσ ≈ 2R⋆, if we now evaluate QM at Rc, the
critical galactic radius, where QM = 1, we obtain
the relation:
σ20Ω
2(Rc)
a0GΣ0
= 1 (12)
Multiplying above and below by R2⋆, and using
the relation M = 2piR2⋆Σ0 for galactic discs where
again a0GM = V
4
f , with Vf is the flat rotation
curve disk orbital velocity yields,
Rc
R⋆
= β
σ0
Vf
, (13)
where β is a proportionality constant to account
for the various first order estimates introduced into
the previous development. Thus, we reach an eas-
ily testable prediction for the critical disk radii, in
units of the stellar disk scale length, to be propor-
tional to the quotient of the central disk disper-
sion velocity to the flat rotation velocity value, if
MONDian dynamics are important to real galactic
disks.
3. Comparisons with real galaxies
We begin with a first test using only eq.(13),
where use of eq.(10) and eq.(11) allows to elimi-
nate the surface mass density of the disk, a pa-
rameter which is subject to significant uncertain-
ties due to the large error intervals in mass to light
ratios, gas fractions, etc. The galactic parameters
needed for testing the relevance of the stability
criteria for galactic disks under MONDian gravity
of eq.(13) are: the value of the rotation velocity
within the flat rotation curve region Vf , the σ0
parameter from a full disk fit of eq. (11) to the ve-
locity dispersion profile, and R⋆ and Rc, the disk
scale, and the critical galactic radius where the
brightness surface profile dips below the exponen-
tial fit. Notice that σ0 is not the actual σ(R = 0),
which would mostly reflect central bulge dynam-
ics, and not the velocity dispersion representative
of the disk at large radii through eq.(11).
Fortunately, all these parameters appear in the
DiskMass Survey of Martinsson et al. (2013a),
which consists of a sample of thirty disk galax-
ies, with their corresponding rotation curves, the
velocity dispersion profiles of the disk stars mea-
sured along the line of sight and perpendicular
to the disk plane, the K- band surface brightness
profiles, and observed disk scale lengths for each
galaxy in the sample. We prefer to work with a
homogeneous sample where all the quantities for
all the galaxies have been measured and treated
consistently by the same authors, rather than at-
tempt to use a larger heterogeneous sample where
any trend will always be suspect to having arisen
through the shifting systematics across the sam-
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Fig. 1.— The figure shows how we take the critical
radius, Rc of each galaxy, from their K-band sur-
face brightness profiles, here is shown an example
for UGC4036, the profile falls bellow the exponen-
tial fit between the points marks with crosses the
midpoint is Rc = 44.8arcsec the critical radius for
the galaxy.
ple.
To test eq.(13) we use observational the quanti-
ties Vf and R⋆ from Martinsson et al.(2013a) and
Martinsson et al.(2013b), Rc is obtained directly
from K-band surface brightness profile, we take σ0
from the exponential fits to the velocity dispersion
profile presented in the same work. In fact we use
the fit for σz and use the parameter σz,0 which is
not affected by the varying degrees of inclination
at which the different galaxies are observed. We
assigned an Rc value to each galaxy as the radius
where its brightness profile drops below the expo-
nential fit.
As an example of how we take the critical ra-
dius Rc in each galaxy we reproduce the K-band
surface brightness profile for galaxy UGC4036 as
it appears in Martinsson et al.(2013a) in figure
(1), from the figure we can see that the profile
falls below the exponential fit between the points
marked with crosses, we take the midpoint Rc =
44.8arcsec as the critical radius for UGC4036,
The error associated to Rc is the radial interval
between the points where the fall occurs. We pro-
ceed in the same way for all galaxies and use only
those where the drop is evident, which leaves us
with a subsample of twenty disk galaxies.
In figure (2) we plot RcR⋆ and
σ0
Vf
for the galax-
Fig. 2.— The figure shows the critical radius
where the light profile of each galaxy drops below
the exponential fit, Rc, in units of the disk light
disk scale length, R⋆, of each system, as a func-
tion of the ratio of the central disk vertical velocity
dispersion, σz,0 to the flat rotation velocity ampli-
tude of each galaxy. The solid line gives the best
fit direct proportionality between the two quan-
tities, a result expected from the MONDian disk
stability analogue to the classic Toomre stability
criteria, and which can be seen to be an excellent
fit to the observational data.
ies in our sample. It can be seen that the result
is consistent with a straight line, as predicted by
eq.(13), with β = 9.84 ± 0.24. After assigning an
error to Rc as described above, we perform the
full error propagation to calculate the correspond-
ing 1σ confidence intervals for the quantities RcR⋆
and σ0Vf using the errors reported in Martinsson et
al.(2013a) for Vf , R⋆ and σz,0 to arrive at the error
bars show in the figure.
We note that for our sample 〈 R⋆Rσz 〉 = 0.43
with a dispersion of 0.21, supporting the assump-
tion used to derive the eq. (13) of Rσ ≈ 2R⋆.
UGC4455 was not considered for our study, as it
is the only galaxy in Martinsson et al. (2013a) de-
scribed by the authors as having strong spiral arms
which might disrupt the determination of the sur-
face brightness profile. Asides from UGC4455, no
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galaxy with a clearly evident dip below the expo-
nential profile was excluded from our sample, the
10 excluded ones show no evident dip at the radii
predicted by eq.(13), or at any other one. This
probably reflects the sensitivity of K-band obser-
vations to the integral star formation history of a
galaxy, if changes in surface density, stellar and
gas mass profiles, and velocity dispersion profiles
(or amplitude of the rotation velocity curve even)
have shifted Rc significantly during the course of
evolution, no trace of this feature would be im-
printed upon the present K-band surface bright-
ness profile. A better test of the ideas here pre-
sented would require a large homogeneous sample
including an indication of the ionisation state of
the gas along the disk.
A more detailed calibration of the numerical
proportionality factor at the critical radii can be
obtained from a further subset of galaxies where
all the relevant quantities are directly available at
Rc, and no global fits are used. For these we ob-
tain 〈(σ/Ω)2/(a0GΣ)〉 = 0.4 at the critical radii.
Notice that this last number can not be directly
compared to the previous, more approximate cal-
ibration, of β = 9.84, as passing from eq.(8) to
eq.(13) implies assuming M = 2piR2⋆Σ0, where M
is the total baryonic mass of the galaxy, something
that is not exactly accurate, to a degree which
depends on the bulge fraction, gas fraction, and
details of the mass to light ratios (and their prob-
able radial variations) used in estimating the sur-
face density mass profile from the observed surface
brightness one. Notice also that if one is to asses
the validity of a modified gravity law, Σ estimates
which rely on classical gravity virial relations for
the vertical disk structure are not relevant. Us-
ing the same data above to evaluate the classical
〈Q〉 = 〈(σ/Ω)/(GΣ)〉 at the critical radii gives a
value of 〈Q〉 = 4, and hence the disks studied here
appear classically as the low surface density ’sub-
critical’ hot, large Q systems of Martin & Kenni-
cutt (2001).
We end this section with Table (1), which sum-
marises the galaxies and parameters used in this
study.
4. Conclusions
We develop under MONDian gravity the equiv-
alent to Toomre’s first order disk stability crite-
rion, by analogy to the classical case, through a
comparison of the tidal critical density and a Jeans
critical density. Our result is hence a local crite-
rion referring to the ability of a 3D disk element
to undergo collapse under its self-gravity.
The resulting critical parameter can be found
to be QM = (σΩ/a0)Q = (σΩ)
2/(a0GΣ).
A comparison to the critical radii at which the
observed surface light profile drops below the ex-
ponential fit, in a sample of disk galaxies with
measured rotation curves and velocity dispersion
profiles, shows much better agreement with a QM
criterion than with a classic Q one.
It appears that the physics of tides and internal
dynamical pressure balancing self-gravity in disk
galaxies is much better represented by MONDian
physics than by classical gravity.
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